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Abstract. New equationsfor the dynamicsof a two-phasemixture arederived
in a companionpaper[Bercovici et al., this issue(a)]. Theseequationsdo not
invoke a bulk viscosityasmostpreviouspapershave done,andusetheexistence
of the pressuredifferencebetweenthe two phases,including the possibility of
surfaceenergy at the interfacebetweenthephases.In this paperwe show how a
two-phasemixturereactsto simplestressfields.As abasicexample,wediscussthe
deformationof a porousmaterialconfinedby an impermeablejacket andloaded
by a porouspistonandshow that the fluid cannever be totally extractedfrom
thematrix. We demonstratethatanunconfinedporoussampleis strongerunder
sheardeformationthanundernormalstress.We considersphericallysymmetric
compactionandshow thatsomeunphysicalresultsobtainedusingaconstantmatrix
bulk viscosityarenaturallyavoidedin our approach.We discusstheproblemof
compactionof a two-phaseliquid in the presenceof surfacetension. In a one-
dimensionalsimulationthesurfacetensiongeneratesporosityinstabilitiesthattend
to localizethefluid into narrow sills anddikesthatcannotreachthesurface.

1. Introduction

The equationsof two-phaseviscousflow have beenini-
tially developedin thegeophysicalcommunityby McKenzie
[1984,1985,1987],RichterandMcKenzie[1984],andScott
and Stevenson[1984] (seealsoDrew and Passman[1999]
for a review of the generaltheory of multicomponentflu-
ids). Since then, they have beenwidely used[e.g., Ribe,
1985, 1987; Fowler, 1990a,1990b; Turcotte and Phipps
Morgan, 1992; Spiegelman, 1993a,1993b,1993c;Schmel-
ing, 2000]. We have proposeda differentsetof mechanical
equationsfor two-phaseviscousflow in the companionpa-
per [Bercovici et al., this issue(a)] (hereinafter referredto
asBRS1).Our equationshave variousdifferenceswith pre-
viousapproaches,themostsalientof which arethat(1) they
do not requiretheexistenceof a matrix bulk viscositywhen�
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thetwo phasesareincompressible,(2) they accountfor sur-
faceenergy at theinterfacebetweenthephases,and(3) they
assumethat the two phasesretaintheir own pressurefields.
The massandmomentumconservationequationsproposed
in BRS1are ��������
	��� ������������� (1)����� �!��"��� �
	��# ���$�!��"%�'&(���)�*� (2)�+� ,	.- � �!/ ��0�12 � �
	��� ��3 � ��5476 � � �  68-9	 � �:	 �<;�=�">�?�@�*� (3)�A��� �!��" ,	B- & �C/ &+0'12 � �:	��# �D�$�!��"�3 & �� 476 � � ��� �!��"  68-9	 � �
	 �E;�=�"%���)�*F (4)

where 6 �G�H�'&I�@�?�
and 6J- � - &I� - � . The fluid

andmatrix phases,referredto by the indices K and L , have
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volumefractions
�

and
�$�5�

, respectively. Althoughthese
indices will correspondto the different phases,the equa-
tions have beenwritten in a perfectly symmetricway and
areinvariantto a permutationof K and L and

�
and

�+�5�
;

this symmetrypropertyis referredto asmaterialinvariance
(BRS1). The volume-averagedvelocitiesof eachphaseare�'&

and
�?�

andtheirpressures- & and - � (seeBRS1).

Alternatively, insteadof writing the equationsof mass
and momentumconservation of eachphase,we can write
mixtureanddifferenceequations.Definingtheaverageand
differenceof any quantity M as NM �O� M � � ���P�@��" M & and6 M � M & � M � , respectively, oneeasily obtainsby linear
combinationof (1)-(4)anew setof equivalentequations:	�� N�B�)�*� (5)Q �Q � � 	��� �����$�!��" 6 ���>� (6)

where NQSR�Q � is definedby
� R ��� � N� �T	 ,� 	 N-@�
	�� N3 � N/ 0�12 �
	 �<;�=�"U�)�*� (7)�+�V�D� �W��" X	.68-��56J/ 0�12 ��P	Y�� �V�D� �W��" 6 3 ��� N3 �T	 �Z� 4[6 �B�)�*F (8)

Theseequationsexpressthe total massconservation,the
porositytransport,the total momentumequilibriumandthe
action-reactionprinciple.

In (4), (7), and (8) the stresstensorfor the phaseL is
definedby3 & ��\ &^] 	 � & ��,	 � & �`_��bac 	�� � &ed f � (9)

andasymmetricexpressionholdsfor the K phase,with K re-
placing L . Theviscosities

\'&
and

\?�
aretheconstantvis-

cositiesof eachindividualphase.BRS1haveadvocatedthat
the mixture of two incompressiblefluids cannotbe materi-
ally invariantandhave a bulk viscosity; thusbulk viscosity
is not used,in contrastto the approachof previous papers
[McKenzie, 1984;Spieglman, 1993a,1993b,1993c;Schmel-
ing, 2000]whereanextra term, g 	h� � &(d , is presenton the
right sideof (9) (seeAppendixA for a moredetailedcom-
parisonof ourequationswith thoseof McKenzie[1984]).

Theinteractioncoefficient 4 canbechosenin sucha way
that it retains the symmetryof the momentumequations
while still leadingto theusualDarcy termwhen

\ �Ji \ &
:

4 � \'&(\?����jk��� �!��"Dj\?��l��D� �W��"m� j � \'&nl��o��"7���$�!��" j (10)

(seeBRS1), wherethe permeability
l��o��"

is a function of
porosity

�
. Usually,

l'�E��"
is takento vary like

l�pq��r
, wheres is t 2-3. The parameter

l#p
has the dimensionsof area

and is physically relatedto the cross-sectionalareaof the
pores(

l#p t �[�*u�v �w�[�*u�x p
m
j
). In thefollowing, we adopt

thecommonandsimplifying assumptionthat s � a , which
impliesthat 4 is a constant4 � \ & \ �l#p��y\'& � \?�k" � (11)

andwhen
\ �Ji \ &

, 4 t \ � R l p .
Our modeltakesinto accountthesurfacetension

;
at the

interfacebetweenthe two phases.The interfacedensity
=

,
i.e., the areaof interfaceper unit volume, is a function of
porosityandvanisheswhenthe mixture becomesa single-
phasemedium,i.e., when

�z�{�
or
�.�|�

. We generalizea
suggestionby Ni andBeckermann[1991] andassume=.��= p ��}~���$�!��"D�[�

(12)

wheretheexponents� and � arebetween0 and1. This ex-
pressionis in agreementwith thatobtainedfor a hexagonal
net of matrix grainswhen � � � ��� R a [Stevenson, 1986;
Riley et al., 1990,Riley and Kohlstedt, 1991]. If

� R��E�n�
is

theaverageinterfacecurvature(definedto bepositive when
theinterfaceis concaveto thefluid phaseandnegativewhen
convex to thefluid), thenit canbeshown (seeBRS1)thata�E�P� ��� =� � �)= p � �W��� � � � "�?� x�u }�� ���+�W��"�� x�u �E� F (13)

One important physical implication of (13) is that the
stressinducedby surfacetension

;�� � = R � ��" will becomepo-
tentially infinite when

�
goesto 0 or 1. Moreover, theinter-

facecurvaturechangessign when
�|�����W� � R � � � � " ;

thiseffect is associatedwith achangeof dihedralanglefrom�
60� to � 60� [seeMcKenzie, 1984;Kohlstedt, 1992] (al-

though,in fact,two-phasetheorydoesnotaccountfor grain-
grain interfacesrelative to which thedihedralangleis mea-
sured).A very small

���
thuscorrelateswith thefluid phase

or meltbecominginterconnectedat low porosities.

The set(1)-(4) is still not complete.It is easyto realize
thatonemoreequationis needed,for example,anequation
relating - & and - � . We know that in the caseof adiabatic
equilibrium with no motion anda constantsurfacetension,
theLaplaceconditionshouldapply:

68-�� ; � =� � ���*F (14)

However BRS1 have shown that this often usedcondition
[e.g.,Drew, 1983;Ni andBeckerman1991],maynot gener-
ally hold. Whenmotion occurs,the surfacetensionshould
no longer equilibratethe pressurediscontinuitybut rather
thenormalstressdiscontinuity[LandauandLifshitz, 1959].
In the caseof variablesurfacetension,i.e., a temperature-
dependent

;
, adiscontinuityin shearstressshouldalsooccur

acrossinterfaces.This is often calledthe Marangonieffect
[LandauandLifshitz, 1959].Thereis alsonoreasonfor pro-
cessesoccurringat the interfacebetweenthe two phasesto
beadiabatic.
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Accordingly, BRS1have proposeda moregeneral,albeit
morecomplex, conditionwhich yields

6J- Q �Q ��� ; Q =Q ��{�$� p �y\ & � \ � "���D� �W��" ] Q �Q � f j � K'� � (15)

where
��p

is a constantrelatedto the topologyof the inter-
faceand � is thedeformationalwork� � 476J� j � � 	 � ��� 3 � � �D�$�!��" 	 � &{� 3 & F

(16)

As shown by BRS1,
� p

is of order1. In (15), K is in-
terpretedasapartitioningcoefficient (from 0 to 1) thatchar-
acterizesthe percentageof deformationalwork that, rather
thanbeingdissipatedasviscousheating,actsto deformthe
interfaceandis thuseffectively conservative, or reversible,
sinceit is storedasinterfacialsurfaceenergy. Theexistence
of both storedanddissipative componentsof the deforma-
tional work in mediawith internalmicrostructure,suchas
defects,hasbeenrecognizedsinceat leastthe1930s[Farren
andTaylor, 1925;Taylor andQuinney, 1934].

Whenthe characteristicvelocity of an experimentis di-
vided by � , the rate of porosity changeis also decreased
by thesamecoefficient,whereasthetermson theright-hand
side of (15) are decreasedby � j . Thereforethe Laplace
condition(14) appears,asit should,from (15) whenthede-
formationratesgo to zero.However, in all situationswhere
theporosityevolveswith time,thematrixandthefluid pres-
surescannotbeassumedequalcontraryto whatwasassumed
in somepreviouspapers(seeAppendixA) [McKenzie, 1984;
Spiegelman, 1993a,1993b,1993c;Schmeling, 2000].

In this paperwe will assumethat thepartitioningcoeffi-
cient K is zero. In a companionpaperby Bercovici et al.,
[this issue(b)] we will show that in casesfar from equilib-
rium, i.e., when KH����

, our equationsprovide a damage
theorywhich predictsshearlocalization. Surfacetension

;
will alsobetakenasa constant.Theseassumptionssignifi-
cantlysimplify thetwo Navier-Stokesequations(3) and(4)
andimply thatthepressurejumpconditionis

68-@� ; � =� ��^�$��p �<\'& � \?��"����� �!��"z	Y�k ���D� �W��"��<�'&)�.�?�~">�>F (17)

In the following sectionswe will examine a seriesof
problems,beginning with the simplest idealizedcasesof
forcedcompactionanddeformation,withoutsurfacetension,
to illustrate the mostbasicapplications;thesewill include
one-dimensionalcompactionand shear, two-dimensional
uniaxialcompression,andthree-dimensionalsphericalcom-
paction. We will then closeby examining gravitationally
forcedcompactionwith andwithout interfacialsurfaceten-
sionfor simpleapplicationsto magmapercolationproblems.

Wewill compareourresultswhenappropriatewith thoseob-
tainedfor thesameexamplesbut with differentequationsby
McKenzie [1984] and Richter and McKenzie [1984]. We
will useM84 and BRS to refer to the previously usedset
of equations(seeAppendixA) andto our setof equations,
respectively. M84 replacesthepressurejump condition(15)
by 68- �b�

andintroducesa bulk viscosityin therheologi-
cal equation(9). In thesecomparisonswe will assumethat
thereis no surfacetensionandthat

\?� i \'&
.

2. Behavior of a Mixture Under Simple Stress
Fields

In this sectionwe considervariousexamplesof simple
compactionand deformation. As a simplification, we as-
sumeno buoyancy effects, i.e., eithergravity

0!���
or the

matrix andfluid phaseshave thesamedensities( / & � / � ).
We alsoassumethereis no surfacetensionon the interface
betweenthe phases(

;����
). The fluid hasa very small

viscositycomparedto that of the solid
\ �@�P� \ &

so we
neglectthefluid viscousstresses

3 �
.

2.1. One-Dimensional Forced Compaction

We first considera layerof thickness� p , infinite in hori-
zontalextent andcontaininga mixture of uniform porosity� p

. Thesystemis assumedto beone-dimensionalsuchthat� & � � & � �E¡��m�D"712 , � � � � �m� �<¡��D�D"712 and
�b�H���<¡��D�D"

, and
thebottomboundaryof the layer, at

¡¢�I�
, is impermeable

( � � � � � & � �)� at
¡9�)�

).

In this example, the mixture conservation equation(5)
canbeintegratedtakinginto accounttheboundarycondition
at
¡9�)�

yielding � � � � � ��� �!��" � & � �@�*F (18)

This shows that the matrix and fluid velocitiesmust have
oppositesignsandthat theonly way to compactthematrix
is to allow thefluid to beexpelledthrougha porouspiston.
Thisexperimentcorrespondsto whathappensin somecoffee
filters or coffeepresses,wherea thin metallicscreenpushed
throughacoffee-watermixtureseparatesthecoffeefrom the
grounds(seeFigure1).

We considerthat the top of the matrix is pusheddown
at constantvelocity

� � p andthat the positionof the piston
at time

�
is � pP� � p[� . Obviously, the maximumtime of the

experimenthasto beshorterthan £ � � p¤��p R � p , the time at
which all the fluid will be extractedandwhereonly matrix
grainswill remainbelow thepiston.

The problemcanbe solved in termsof � & � and
�

only
by combiningtheaction-reactionequation(8) with (17)and
(18). With theassumption

;¥���
, weobtain¦ j& � j�§T¨ ��� �!��" ���¡@© ������$�!��" ���D� �W��" � & ���¡ ª

� ���¡ © ��� �!��" � � & ���¡ ª*« � � & � �)�*� (19)
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Figure 1. The one-dimensionalcompaction“coffee-press”
experiment.

where
¨ � c � p Rq°

, and then the porosity can be updated
using(2). Equation(19) displaysa basiclengthscale,i.e.,
thecompactionlength ¦ &²±{³ ° \ &c 4 (20)

(for simplicity, hereand in the following, we assumethat4 is a constant). Our definition of the compactionlength¦ &
is different from thoseof both McKenzie[1984], who

uses
��p~´ � g � ° \'& R c " R 4 , andStevenson[1986], who uses´ \'& R 4 . In thecaseof constantporosity

�S�)��p
, it is useful

to defineanotherlengthscalebyµ � ¦ & ´ ��p~��� �!��pT"7� ¨ � ��pq"�F (21)

When the porosity is small,
� p@�P� ¨ t ��F,¶#·

, the com-
pactionis controlledby thedifferencein pressuresbetween
thetwo phasesratherthanby thenormalstressin thematrix.

Forgeophysicalapplicationsonmeltextraction,
l p t ·�¸�¤��u'x p

m
j
,
\ & t �¤�kxD¹

Pa s, andthe magmaviscositycan
vary from

\ � t �¤�
Pa s (oceanicspreadingridge basalt)

to
\ � t �[�#º

Pa s (wet siliceousmelt) and to
\ � t �[�~x p

Pas(dry siliceousmelt). Thesethreemagmascorrespondto
compactionlengthsof 8 km, 250m, and30cm,respectively.

An analyticalsolutionto (19) is easilyderivedin thecase
of a spatially constantporosity

�{�H��p
(i.e., we canonly

derive the exact solutionat
�»�H�

but not at further times
whenporosityhasevolved). The integrationconstantsare
obtainedfrom the valuesof the matrix velocity on the top� & � � � p "8�¼� � p andat the bottom � & � �E��"��½�

. The fluid
pressureis alsosetto zeroat thetop. After somealgebrawe
obtain � � � �E¡k"¾� � p �D�$�!� p "��p ¿mÀÂÁ�Ã �<¡ R µ "¿mÀÄÁ*Ã � � p R µ " � (22)

� & � �<¡~"��{� � p ¿DÀÄÁ*Ã �E¡ R µ "¿DÀÄÁ*Ã � � p R µ " � (23)

- ���E¡k"¾� ° \'& � pc µ¦ j& � jp  Å7Æ ¿mÃ � � p R µ "�� Å�Æ ¿DÃ �<¡ R µ ">�¿DÀÄÁ*Ã � � p R µ " �
(24)

- &��<¡~"�� ° \'& � pc µ¦ j& � jp �
¿mÀÂÁ*Ã � � p R µ "� © Å�Æ ¿DÃ � � p R µ "�� Å�Æ ¿DÃ �E¡ R µ " ] � � ¨ ��p ¦ j&µ j f ª � (25)

£ & �D� �<¡~"¾�^� ° \'& � pc µ Å�Æ ¿DÃ �E¡ R µ "¿mÀÂÁ*Ã � � p R µ " F (26)

From theseexpressionswe seethat the force per unit
surfaceacrossthe mixture, Ç �H��pk�D� - � � £ � �D� " � ���J���pq"���� - & � £ & ��� " , is independentof depthandcorresponds
to theforceperareaexertedon thepiston;i.e.,

Ç �{� ° \ & � pc µ¦ j& � jp �ÈÊÉ Á*Ã � � p R µ " (27)

(by sign conventionfor Ç , oppositeto that of pressure,the
fluid is expelledwhen Ç is negative). The fact that Ç is a
constantis an obviousrequirementof the mechanicalequi-
librium of the fluid andcould have beendeducedfrom the
Navier-Stokesequationof themixture(7).

Fromtheexperimenter’spointof view thesystembehaves
like adashpotwith a friction coefficient Ë ,

Ë �b� � p Ç� p � ° \'&c ] µ¦ & � p f j � p R µÈÊÉ Á*Ã � � p R µ " F (28)

Thenormalizedcoefficient Ë R \'& is depictedin Figure2 as
a functionof

��p
for 2 valuesof � p R ¦ & (wearbitrarilychoose� p R ¦ &Ì�@�*FÄ�#���¤� ). Whentheporositygoesto zero,Ë goesto

infinity andthemixturebecomesasinglephaseincompress-
ible matrix. As

��p�ÍÎ�
, the friction coefficient approaches

0, andthefluid canescapefreely throughthepiston(strictly
speaking,neglecting

� p 3 �
with respectto

�D�n�
� p "�3 &
be-

comesimpossiblewhen
� p �b�

). An increased� p atconstant
porosityandcompactionlengthincreasesthefriction coeffi-
cient: theenergy costto drive theDarcy flow becomeslarge
andthe matrix appearsstiffer. The minimum friction coef-
ficient is obtainedin the limit � p R µ ÍÏ�

(negligible Darcy
term)in which caseÐ ÀÄÁ � Ë " t ° \ &c ��� �!��pq" ]�� � ¨��p f!F (29)

Thesamecoffee-pressexamplecanreadilybedonewith
the M84 equationsthat containan intrinsic bulk viscosity
in therheologicalequationandassumetheequalityof pres-
sures(seeAppendix A). The analytical solution (28) for�Ñ����p

becomes

ËqÒ � � ° \'& � c g "c ��� �!��pq" � p R µ ÒÈ�É Á*Ã � � p R µ Ò " � (30)
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Figure 2. Normalizedfriction coefficient Ë R \ & asa func-
tion of porosityfor � p R ¦ & �)�*FÄ�#���¤� . Ourpredictions(BRS)
areshown by thick lines(

� p �{�
). At low porositythefric-

tion coefficient is significantlylarger thanthatpredictedby
previoustheories(dashedlines labeledM84, following (30)
with g �I\'&

). Thefriction increaseswith � p . This friction
coefficient is oftenmuchlargerthan1, whichcorrespondsto
theshearviscosityof thematrix.

where
µ Ò is definedbyµ jÒ ± � ° \ & � c g "c 4 � jp ��� �!��pT"�F

(31)

In this case,whentheDarcy termis negligible � p R µ �P� � ,Ð ÀÄÁ � Ë Ò "U� � ° \ & � c g "c ��� �!� p "�F
(32)

Sincebulk viscosityhasneverbeenmeasured,mostauthors
have assumedg ��\'&

. However, the comparisonof (29)
with (32) andAppendix A show that a g of order

\'& R ��p
would have beenmore appropriate(of course,when the
porosityis not uniform, a comparisonof thetwo theoriesis
moredifficult). Accordingto our equationsthefluid is more
difficult to extractunderone-dimensionalforcedcompaction
thanpreviouslyestimated.A similarconclusionhasbeenob-
tainedby Schmeling[2000]usingadifferentapproachbased
on averagingmethodsfor anelasticmediumcontaininghet-
erogeneities[O’Connell and Budiansky, 1977; Schmeling,
1985].

Theanalyticexpressionfor thechangein porosityat time�¾�)�
, ������ �^�A��� �!� p " � pµ Å�Æ ¿DÃ �E¡ R µ "¿DÀÄÁ*Ã � � p R µ " � (33)

suggeststheformationof a compactedboundarylayer. The
porosity decreasesmostly near the top, and this tendsto
closethepathwaysneededby thefluid to percolatethrough
thematrix. To understandwhathappensin laterstagesof the
experiment,i.e., whenthe porosityis no longerconstantin

depth,we mustsolve the equationsnumerically. We solve
(19)with afinite differencetridiagonalsolverafterachange
of variableto work onaregulargrid, thenupdatetheporosity
explicitly using(2).

Figure3 depictsthe variationwith depthof the porosity
(Figure3a) andvelocity (Figure3b) at varioustimes. The
depthis normalizedby � p . The piston,which is at

¡ R � p¥��
at the beginning, is moved down to

¡ R � pC�¼��F Øk·
at the

end. Not all the fluid canbe expelledfrom the mixture. In
particular, the experimentendswhen the porositynearthe
pistonreaches0, thereforesealingthelayer. With thechosen
numericalvaluesthis happensat

� R £ �|�*F Ù c
, which means

that17%of thefluid remainstrappedin thematrixbelow the
compactedboundarylayer.

Thevelocityprofilesdepictedin Figure3bshow thatuntil
thesurfaceporosityreaches0, thevelocityprofilesarequite
linear. The decreasein the porosity nearthe piston arises
from an effective compactionthat is inducedby the matrix
materialcollecting againstthe piston during its downward
motion. In fact,it is easilyverifiedin thecoffee-pressexper-
iment(Figure1) thatasthepistonis pusheddown througha
well stirredmixtureof waterandcoffeegrounds,thegrounds
accumulateon top and indeedplug the filter. As a conse-
quence,to maintaina significantvelocity, a largerpressure
mustbeapplied.

The force per unit surfacethat hasbe be exertedon top
of the mixture, Ç �<�D" variesthroughtime. It is transmitted
throughthemixtureaspressureandviscousstress.Assum-
ing thattheexpelledfluid is removedsothat - � remainszero
nearthepiston,thesystemis equivalentto a dashpotwith a
time-dependentfriction coefficient

Ë �y�D"Ú� � p� p © ���$�!��" ] ° \'&c � � & ���¡ � - &(f ª*Û�Ü�ÝßÞ u�à Þ _ F (34)

When
�J�O�

, this friction coefficient mustbe equalto that
predictedby (28) ( Ë R \'& t a ° when

� � p R � ¦ &e��pq"D"�j¥�½��FÂ�
and

��p(�)�*F ��·
).

Theevolutionof Ë �y�D" R \'& is shown in Figure4 asa func-
tion of

� R £ . The force per unit surface that must be ex-
ertedto pushthepistonatconstantvelocityis proportionalto
this normalizedfriction coefficient, and Ë �y�(�I�k"

is exactly
that predictedby the analyticalexpression(28) (horizontal
dashedline). As fluid is expelled,theporositydecreasesand
alargerforcehasto beexerteduntil asingularityoccursnear� R £ �)�*F Ù c , where

���D�¤"
reaches0.

2.2. Deformation Under Shear

The friction coefficient Ë that has beenobtainedfrom
(28) is possiblylarger thanthe matrix viscosity

\'&
. How-

ever, this effect reflectsthefact that Ë includesresistanceto
compressionof matrix grains,which approachesinfinity as�

goesto zero. Thus Ë is not truly analogousto viscosity.
Indeed,on a macroscopicaverage,the mixture viscosity is
smallerthanthatof a purematrix.
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Figure 3. (a) Normalizedporosity(
� R � p

) asa function of
normalizedheight(

¡ R � p ) for differenttimes(
� R £ ����FÂ� , 0.3,

0.5, 0.7 and0.83) for
� � p R � ¦ & � p "m" j �h��FÂ�

,
� p �ç�

, and� p �{��F �k·
. As time increases,theheightof themixturebe-

low thepistondecreases.(b) Normalizedvelocity ( � & � R � p )
asa functionof normalizedheightfor

� R £ �G�*FÄ�
and0.83.

Until closeto theendof theexperiment,thevelocity profile
remainsroughlylinear.

Let usagainconsidera layerinfinite in the è and é direc-
tionsbut with thicknessa � p (suchthat

� � p � ¡ � � � p ) and
in which porosity is constantandequalto

� p
. A standard

experimentalapproachto measuringmacroscopicviscosity
is to submitthis layer to simpleshearby imposinghorizon-
tal velocities � & ê � � �Dê �ìë � p at

¡z��ë � p . The obvious
solutionof (1)-(4)and(17) (with

;
and 6J/ 08�)� ) is simply� & ê � � �mê � � p ¡� p � (35)

� � Û � � & Û ����F (36)

In order to imposethis deformation,a shearstress
���¢���pq" £ & êÊ� �í�����S��p¤"�\'&�� � p R � p[" mustbeapplied.Thisshows
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Figure 4. Evolution of friction coefficient Ë �<�D" R \'& as a
functionof time. Thiscoefficient is proportionalto thepres-
sureneededto expel the fluid at a constantvelocity. When
the porosityreaches0 near

� R £ �ì�*F Ù c
, the friction coeffi-

cient goesto infinity andforbids a further extractionof the
fluid phase.The horizontaldashedline correspondsto the
analyticalprediction(27).

that undershearthe mixture behaves like a homogeneous
Newtonianbodywith viscosity

��������pT"�\'&
. Thesameresult

wouldalsohavebeenobtainedusingM84asthedeformation
occurswithoutdilationof thematrix.

2.3. Two-Dimensional Uniaxial Compression

Anotherway to measureequivalentviscosityis to subject
a sampleto uniaxial compression.We considera sample
with squarecrosssectionin the è -

¡
plane(where ð è�ð��í� p ,ð ¡ ðA�ñ� p ) but infinite in é ; the sampleis squeezedin the¡

direction by impermeablepistonswith imposedvertical
velocities,

� � p on the top (
¡W� � � p ) and � p at the bottom

(
¡
�ñ� � p ). We assumethat the matrix andfluid have the

sameverticalvelocities� & � � � � � �{� � p ¡� p?ò (37)

wecanverify thattheseexpressionsareexactsolutionswhen
thecontactsbetweenthepistonsandthesamplecorrespond
to freeslip conditions.Thesquaresectionis unconstrained
laterally (in the è direction),andthe fluid andmatrix have
different horizontalvelocities � � ê and � & ê . As in section
2.2 we searchfor solutionswith

;)�O�
and 6J/ 0C�O�

and
with a constantinitial porosity

��p
, i.e., solutionsare only

valid near
���)�

.

With theabove assumptions,the total massconservation
(5) canbeintegratedin è andyields� p � �mê � �D� �W� p " � & ê � � p è� p � (38)
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while theaction-reactionequation(8) resultsinµ j� p ��j � & ê� è j �w� � & ê � � � ê "U�@�*� (39)

where
µ

is the lengthparameterdefinedin (21). Then the
fluid pressure- � canbededucedfrom thefluid momentum
equation(3), and the matrix pressure- & can be deduced
from thepressurecondition(17).

We solve theseequationswith the boundaryconditions
thatboth the fluid pressureandthe horizontalnormalcom-
ponentof thematrix total stress,

� - & � a \'&8�<� � & ê R � è ��D� R c " 	Y� �'&n" , vanishat è �Oë � p . After somealgebrawe
obtain

� � ê � � p è� p8�C� p c µa � p ��� �!� p "� ¨ � ��pq"(¿mÀÄÁ*Ã � è R µ "Å�Æ ¿DÃ � � p R µ " � (40)

� & ê � � p è� p � � p c µa � p ��p� ¨ � � p " ¿mÀÂÁ�Ã � è R µ "Å�Æ ¿DÃ � � p R µ " � (41)

- � � a ��� �!� p " \ & � p� p ] � � Å�Æ ¿mÃ � è R µ "Å7Æ ¿mÃ � � p R µ " f � (42)

- &²� a �D� �W��pT" \ & � p� p� © � � ] � � ¨ ��p ¦ j&µ j fWÅ�Æ ¿DÃ � è R µ "Å7Æ ¿mÃ � � p R µ " ª � (43)

Ç �í��� �!��pT" £ & ��� �!��p - �P�w��� �!��pq" - &�^� ° �D���9� p " \'& � p� p ] ��� ��p� ¨ � ��p¤" Å�Æ ¿DÃ � è R µ "Å7Æ ¿mÃ � � p R µ " f F (44)

Thequantity Ç in (44)is theforceperunit surfacethathas
to be exertedby the experimenteron bothpistons.Whena
similar experimentis performedwith a homogeneousNew-
tonianviscousfluid, the ratio betweenthe appliedpressure
andtheshorteningrateis simply

� °
timestheviscosity. The

equivalent viscosity ó of the mixture underuniaxial com-
pressionis therefore

� � p � Ç �ÊR � ° � p¤" , where
� Ç � is the è -

averagedÇ . This leadsto theapparentviscosity

ó ��\'&8��� �!��pq" © � � µ� p � p� ¨ � ��pq" ÈÊÉ Á*Ã � � p R µ " ª � (45)

which is alwayssmallerthan
\'&

andslightly smallerthan
the shearmixture viscosity

���n�
��pT"�\'&
. It is, however, al-

wayslargerthan
��� Rq° "�\'& ¨ ���ô�.��p¤" R � ¨ � ��pq" , which is ob-

tainedwhen � p R ¦ & t � .
Figure5 depictsthe equivalentviscosityof the mixture

accordingto (45) (solid lines labelledBRS).When
� p �G�

,
theequivalentviscositytendsto thefluid viscositywhich is
zero in our approximation. As soonas

��p²õ � p R ¦ & , the
equivalentviscositydecreases.A largesamplealwayslooks
stiffer thana smalleronebecauseDarcy flow candraw and
expelfluid from essentiallyeverywherein asmallsamplebut
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Figure 5. Equivalentviscosity of the mixture as function
of porosityfor two differentvaluesof � p R ¦ & (0.1,10). Our
predictions(BRS) with

��pC�ç�
are depictedwith a solid

line andcomparedwith thoseobtainedby previoustheories
assumingg �ñ\'&

(dashedlines labeledM84). At small
compactionlength,e.g.,at � p R ¦ &^���[�

, BRSandM84 pre-
dictionsareindistinguishable.

canonly draw fluid from proximalregionsin a largesample,
andthusnotall fluid is readilysqueezedfrom alargesample.
When � p R ¦ & is large,theviscositiesmeasuredundershearor
normalstressesareequal.

If we were to use M84 equations,insteadof (45) we
would obtain

ó#Ò �^�D���9��p["%\'& © � � µ Ò� p c \'&� ° \ & � c g " ÈÊÉ Á*Ã ] � pµ Ò f ª � (46)

where
µ Ò hasbeendefinedby (31). Althoughboththeories,

with andwithout bulk viscosities,predictthesamebehavior
at
� p �)�

or 1, BRSpredictsthatthemixtureis significantly
stiffer thanwhenusingM84, unlessa bulk viscositysignifi-
cantlylargerthan

\ &
is chosen.

Squeezingof the mixture leadsto expulsion of fluid as
seenin Figure6 wherethe matrix (Figure6, bottom),and
the fluid (Figure6, top) velocitiesat è � � p areshown as
functionsof

�
. Whentheporositytendsto 0 or 1, both the

matrix andfluid velocitiesare � p ; that is theminor phaseis
simply advectedby the major one (thick lines BRS). This
is in contrastto the solutionsobtainedwith the M84 setof
equations,which leadto

� �Dê � � p è� p �J� p µ Ò� p ��� �!� p "��p ù \ &� ° \'& � c g "e¿mÀÂÁ*Ã � è R µ Ò "Å�Æ ¿mÃ � � p R µ Ò " (47)

� & ê � � p è� p � � p µ Ò� p ù \ &� ° \'& � c g "n¿mÀÂÁ*Ã � è R µ Ò "Å�Æ ¿mÃ � � p R µ Ò " F (48)

With g �{\'& andtheporositytendingto zero,thefluid ve-
locity at è � � p tendsto afinite valueequalto

�D� � c � R�ú ¶q" � p
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(seeFigure6 dashedlines labeledM84). A very surprising
predictionof (48) is thatthehorizontalextensionof theover-
all mixture cancorrespondto horizontalcompactionof the
matrix phase.This happensfor small samples,� p.�P� ¦ &
suchthatDarcy flow drawsfluid easilyfrom mostof thevol-
umeandfor a bulk viscositysmallerthan

\'&
. In this case,

theexpulsionof fluid with solittle Darcy resistanceappears
to beso fastthat thematrix hasto collapsein è to compen-
satefor theexcesslossof fluid. However, compactionof the
matrixunderextensivestressesdoesnotoccurwith BRSun-
less

��p � ��p R a , a conditionin contradictionwith the fact
that

�»p
is of order1.
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Figure 6. (top) Horizontal fluid velocitiesnormalizedby
theverticalvelocity � p at è � � p for � p R ¦ & =0.1 usingBRS
(
��p.�ç�

) or M84 setof equations.When the porosity is
zero, the first drop of fluid is expelled with a t 12 times
higher velocity accordingto M84, while the fluid is sim-
ply transportedalongwith thematrixaccordingto BRS.The
fluid velocitydecreasesto � p when

��pe�{�
. (bottom)Matrix

velocitiescanbenegative accordingto M84 when g � \'&
(thin line with g �w\'& R �¤� ).
2.4. Radial Compaction

McKenzie[1984] proposeda methodto measureexperi-
mentallythebulk viscosity(at leastasathoughtexperiment)
which entailssqueezinga sphericaltwo-phasebody. We re-
examinethis thoughtexperimentusingbothM84 andBRS.
Weagainassumenosurfacetension,andthustheonly differ-
encebetweenourequationsandthoseof McKenzie[1984] is
theuseof a bulk viscosity g by M84 andthepressurejump
condition(17)by BRS.

With zerobuoyancy forces(
0

or 6J/ �G�
) andzerosur-

facetension(
;ý�Ì�

) andtheassumptionthatthefluid stress3 �
is negligible, theaction-reactionequation(8) leadsto�+����� �!��" 	!68-@� � 	h�# ���$�!��"%3 & ��� 476 �B����F (49)

Thefluid andmatrix velocitiesarerelatedthroughthe total
mixture conservation (5). Adoption of sphericalsymmetry
(wherein

� � �G1þ � ��ÿ ���q" , � & �G1þ � & ÿ ����" , and
�

is theradius
from thecenterof thesphere)resultsin

� � �Dÿ � �����J��" � & ÿ ���R �qj
, where

�
is a constant;the solutionis nonsingularat

theorigin only if
� �)�

in whichcase� � � ÿ � ��� �!��" � & ÿ �)�*F (50)

2.4.1. Sintering and hot-isostatic-pressing approxi-
mation. In whatMcKenzie[1984] refersto asthe“sinter-
ing andhotisostaticpressing”approximation,theinteraction
force 476 � is neglected.Althoughwe alsoneglectthis term,
for the moment,we mustnotethat asis evident from (49),
this approximationis only valid aslongas

�
is nonzero.

In our model,evenwith thesinteringapproximation,the
fluid andmatrixpressurescannotbeequal.Therequirement
that the microscopicstressesnormal to the complex inter-
facesmatchimposesanaveragepressurejumprelatedto the
rateof phaseseparation(seeBRS1). In the casewherethe
porosityis constant,accordingto (17) with

\?� �P� \'&
and

using(50),

6J- �^� � p \ &��p �� j ���qj � & ÿ��� F
(51)

This expressioncanbe introducedin the momentumequa-
tion (49) for which the only solutionthat is nonsingularat
theorigin is � & ÿ �����

, where
�

is aconstant.Thisvelocity
yieldsa zerostresstensorandparticularlya zeroradialvis-
cousstress£ & ÿ>ÿ ��� regardlessof

�
(becauseof theabsence

of bulk viscosityin BRS).Thereforeonly pressuresareap-
plied to thetwo phasesin a pureisotropiccompactionwith
constantporosity.

Theexperimenterthatsqueezesthesphereof mixtureim-
posesa forceperunit areaon thefluid andmatrixofÇ � �b� - � (52)Ç &²� £ & ÿ>ÿ � - &Ì�{� - &J� (53)

respectively. Thesetwo forcesareappliedin proportions
��p

and
�8�Ì��p

, respectively. When the two forcesare equal
(e.g., in an experimentwherethe surfaceis enclosedin a
rubbermembrane),- & and - � areequal,andthereforethe
pressurejump condition(51) impliesthat � & ÿ �@� .

In thecasewherethesphereis enclosedbyaporousmem-
branethat allows the fluid to escapefreely, Ç �B� - �.���
(in thesinteringapproximation,thefluid pressureis uniform
andremainszeroinsidethe matrix). The experimenterap-
pliesa forceperunit areaat thesurfaceof thesphereof ra-
dius

�
, Ç �^�D� �W� p " Ç & � � " , and(51) implies

Ç � c ��p7\'& ��� �!� p "��p � &ôÿ� F
(54)

Usingthemassconservationrelation����p��� �^���$�!��p¤" 	h� �'&b� c ��� �!��pq"��e� (55)



RICARD ET AL.: TWO-PHASECOMPACTION AND DAMAGE,2, COMPACTION 9

wededucethattheporosityevolvesatconstantsurfacestress
as ����p��� �²��p Ç\ & � p F (56)

BRSpredictsthatat constantappliedstress,thecompaction
velocity tendsto zerowhenthe porosityvanishes(54). In
otherwords,theporositydoesnot evolveanymore,andthus
cannotbecomenegative,whenit reacheszero(56).

The samethought experimentusing M84 would have
given[seeMcKenzie, 1984]

Ç � c ��� �!��p¤" g � & ÿ� (57)��� p��� � Ç g F (58)

Contraryto (56), (58) obtainedusingM84 with a constant
bulk viscosity can allow negative porositiesas the com-
pactionvelocitydoesnot reachzerowhen

��p(���
.

Figure7 depictsthenormalizedratioof theappliedforce
to the radial strain rate

� Ç � " R �<\ & � & ÿ " accordingto (57)
and(54) (assumingg �I\ &

and
� p ���

). We predictthat
it is muchmoredifficult to extract thefluid thanpreviously
thought.

The previous solutionsare obtainedunderthe sintering
approximation4 � �

. In fact, with minor modifications
the solutionsalsohold whenthe fluid phaseis simply void
(of course,replacingthefluid phaseby void impliesthatthe
equationsof massandmomentumconservationsfor thefluid
aremeaningless).However, asalreadymentioned,assoon
asthefluid phaseis notvoid andhasanonzeroviscosity, the
Darcy termvarieslike 4 �'& R � ; thusits importanceincreases
at vanishingporosity, andthe term is no longernegligible.
We only discussthe influenceof this termusingBRSequa-
tions,but asimilarexercisecanbedonewith M84 equations.

2.4.2. Beyond the sintering approximation. When
keepingthe Darcy term, the radial compactionof a spheri-
cal bodysatisfies(49) in sphericalpolar coordinates.If the
nonradialcomponentsof

�'&
arezero, � & ÿ satisfiesµ j ���� � �� j ���qj � & ÿ��� "�� � &ôÿ ����� (59)

where
µ

hasbeendefinedin (21). Theonly solutionto (59)
which is nonsingularat theorigin is

� & ÿ �	� µ j� j ��� Å7Æ ¿mÃ ��� R µ "�� µ ¿mÀÂÁ�Ã ��� R µ "D"�� (60)

where
�

is anintegrationconstant.Knowing � & ÿ , theradial
viscousstressis readilydeduced

£ & ÿ>ÿ � ° c \'&
� µ �
�¾© ] c µ j� j � �[f ¿DÀÄÁ*Ã ��� R µ "�� c µ �8Å�Æ ¿DÃ ��� R µ " ª F (61)

Contraryto whathappenswith thesinteringapproximation,
the stresstensoris no longer isotropic, £ &ôÿ>ÿ �� £ &��� �£ &����

. The Darcy force introducesa directionalterm that
alwaysbreaksisotropy.

The fluid pressureis obtainedby integrationof the fluid
momentumequationandthematrixpressureis thendeduced
from thepressurejump(51),

- & � - � � \ &��p � p � ¿mÀÄÁ*Ã ��� R µ "� R µ F
(62)

In thecasewherethesphereis enclosedby arubbermem-
brane,masscontinuity(50) implies,asin section2.4.1,that� �Î�

and that only the internal pressures- & and - �
are equaland resist the force appliedby the experimenterÇ . When the surroundingjacket is permeable,the pres-
sure - � is zero at the surfaceof the mixture and the re-
sistanceto deformationis due to both pressureand nor-
mal stress(which unlike in section2.4.1is nonzero).FromÇ �Y���n�
��pT"7� £ & ÿ>ÿ � - &n" , where £ & ÿ>ÿ and - & aregiven
by (61)and(62),onegetsat

�A� �
,

Ç � �c \'&���� �!��pq" � & ÿ�
� �D� a � µ Rq� " � ° � c � p R � p " ÈÊÉ Á�Ã � �AR µ "��:� a µ Rq�µ Rq� �w� µ Rq� " j ÈÊÉ Á�Ã � �AR µ " �

(63)

whichis in agreementwith (54)whenthecompactionlength,¦ &
, goesto infinity. Figure7 depictsthenormalizedoverall

resistanceof the sphereas a function of
��p

. Here again,
themixtureresistanceis muchlarger thanwould have been
estimatedwith M84 assuminga constantbulk viscosity in
(57).

3. Melt Migration

3.1. Basic State

We now studytheprocessby which a mixturesegregates
naturallyundertheeffectsof gravity andsurfacetension.We
assumethat thefluid density / � is lessthanthematrix den-
sity / & ( 6J/ � / &b� / �Bõí�

). Theprocessof melt segre-
gationwaspreviously studied[e.g.,Richter and McKenzie,
1984; Ribe, 1987; Spiegelman, 1993a,1993b,1993c], but
with equationsincludinga bulk viscosity. In this sectionwe
alsoretaintheviscousstressesin theNavier-Stokesequation
for the fluid phase,andwe take into accountthe effectsof
surfacetensionassumingnearequilibrium conditions;that
is,
;

is constantanddifferentfrom zeroin (17).

Wefirst look for asteadysolutionwhenthemixtureis in-
finite in all directionsandhasaconstantporosity

��p
. Gravity� 0 12 is assumedconstantandactsin thenegative

¡
direction;

we alsoassumethe basicstatevelocitieshave only
¡

com-
ponentsandareconstant.

From(5) weseethattheaverageverticalvelocity
� � � � ��D�e�w��" � & � is constant.It is thereforeappropriateto work

in theframeof referencewherethisaveragevelocity is zero.
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Figure 7. Normalized resistance to compaction� � Ç " R �<\'& � & ÿ " for a spherical mixture of homoge-
neousporosity, as a function of porosity. The solid lines
correspondto our solutionsin the sinteringapproximation
(BRS) or with a finite compaction length (BRS with�AR ¦ &O�h�¤�

). The dashedline correspondsto the solution
givenby McKenzie[1984]usingthesinteringapproximation
anda theory that includesa bulk viscosity ( g ��\'&

) (see
(57)).

Sincethebasicstatepressuredifference- & � - � is only a
functionof

� p
, it is aconstant,and(1)-(4)have thesolution

- p� �^� N/ 0�¡ � ��p¤; � =� �
������� Þ � (64)

- p& �b� N/ 0�¡n�:�D� �W��pq"�; � =� �
����� � Þ � (65)

� p � �²��p~��� �!��pT" j 6J/ 04 12 � (66)� p& �{�+� jp ���+�W��p¤"�6J/ 04 12 � (67)

where N/ � ��p / � � �D�9�)��pq" / & is the averagedensityof
the mixture. The superscriptzero refersto the basicstate
with constantporosity. We choosetwo materiallyinvariant
expressionsfor thepressures,but acommonintegrationcon-
stantcouldbeenaddedto thetwo pressures(sincethereis no
zeroreferencepressurein an infinite layer). Fromtheseex-
pressionswe canalsodefinethe basicstatemelt extraction
velocity, � � �.� & �²� p �D� �W� p " 6J/ 04 12 F (68)

3.2. Marginal Stability

Let usassumethataperturbationwith wavevector � , an-
gularfrequency � , andgrowth rate � is addedto theprevious

basicstate. The net flow is thereforecharacterizedby the
quantities M � M p ���M�� �"! � � �D" �#�$!�% � � �'& � � �D"�� (69)

wherethequantitieswith a tilde arefirst-orderperturbations
andwhereM represents

�?�
,
�'&

, - � , - & , or
�
. Theseexpres-

sionsare then introducedinto (1), (3), (4), (14), and (18).
Fromthematrixmassconservation(2) weget� � � %(� " �� � �D���9� p " � � �� & � � jp �D���9� p "ml Û 6J/ 04 �� �¢�*� (70)

where
l Û

is the vertical componentof � . Thesumof mass
conservationequations(i.e., (18))gives� p � � �� � � �����9� p " � � �� & � � p �����9� p "ml Û 6J/ 04 �� �¢�*� (71)

thefluid forceequation(3) yields,� % ��p � �- � �56J/ 0��D� �W��pq"712 �� �54 � ��'&²� ��?�k"� \ � � p  l j �� � � �c � � � � �� � ">�'�+��� (72)

andthematrix forceequation(4) resultsin� % �D� �W��pq" � �- & �
6J/ 0*��p~12 ���� 4 � ��'&²� ��?�k"� \'&J�D� �W��pq"  l j ��'& � �c � � � � ��'&n">�'�+��� (73)

where
l�j+� � � � . Surfacetensionequilibriumgives�- �P� �- &�{�$;�=Vp ) �o��pT"� jp ��� �!� p " j �� � % ¨ 4 � ¦ j& � ¦ j� "
� © � � �� & � � � �� � � l Û � a � p �:�¤" 6J/ 04 ª ��V� (74)

where
¦ � � ´ ° \ � R c 4 is thecompactionlengthof themelt,

andaccordingto (12)we havedefined) �o� p " by) �E� p "U��� }p ��� �!� p " ��� � ��� � � " � � � � � �:�¤"�� a � �:� � � � "D� p "D� p �kF (75)

The factoron the right of (75) in brackets is positive def-
inite within the intervals

� �½� � � �Ê� � �
sinceit hasone

extremum ��� R � � � � " at
� p � � R � � � � " andhasthevalues� ����� � " and � ����� � " when
��pe���

and1, respectively; there-
fore ) �E��pq" is positive for any exponents� and � between0
and1.

Wehavealreadyseenin theintroduction(seealsoBRS1)
that the value

� � � � R � � � � " correspondsto a porosityat
whichthematrix-fluid(or solid-melt)interfacechangesfrom
concave(relativeto thefluid) to convex; thisporositythresh-
old correspondsto adihedralangleof 60� [Kohlstedt, 1992].
However, thevalue

���
is notassociatedwith any particularly

specialvalueof ) �E��" ; that is, ) �E��" doesnot changesignat�Ì�����
and is not even extremumat this value. Thus the
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macroscopicdynamicsof themixturedoesnotchangewhen
theporositycrosses

� �
.

In order to solve (70)-(74) we first find the inner prod-
uct of the wave vector � with (72) and(73). The marginal
stabilityproblemleadsto thedispersionrelation

� ��� p �D� �W� p " 6J/ 04 � � 12
� a �D��� a ��p7"��9��p������9��p["Dl�jk�E��jp ¦ j& �»�����9��p["Dj ¦ j� "� � ��p#�D���9��p["Dl j �D� ¨ � ��pT" ¦ j& � ��� � ¨ �9��p�" ¦ j� " � (76)

� � ;�=?p4� ) �E��p�"Dl�j� � � p �D���9� p "Dl j �D� ¨ � � p " ¦ j& � ��� � ¨ �9� p " ¦ j� " F (77)

The solutionsare thereforetraveling waves with an expo-
nentiallygrowing amplitude.Thedispersionrelationfor the
wave frequency (76), correspondsto that foundby Spiegel-
man[1993a]in thecase

� p ���
,
¦ � �)�

, and
� pP�P� �

.

Figure8adepictsphasevelocitiesof porositywaves *,+.-
for variousporosities(using � � */+0- � � with (76)). The
correspondinggroup velocities, */132 �5476 � , which are
the velocitiesof melt packets,arealsoshown (Figure8b).
All thesevelocitiesarenormalizedby their melt extraction
velocity

12 � (68) andplottedasa function of the normalized
wave number

l ¦ &
. We have only consideredperturbations

with a vertical wave vector( � �hl Û 12 ). Porosityperturba-
tionswith any verticalvariation(i.e.,

l Û ��)� ) will propagate
vertically. Porosityperturbationsthatareconstantin

¡
will

not propagateat all.

At low porosityandsmallwavenumber(
l ¦ & �V� pA�P� �

)
theporositywavesandthemeltpacketstravel roughlytwice
asfastasthe backgroundextractionvelocity (68). At large
wave number, porositywavesandmeltpacketstravel at sig-
nificantly lowervelocitiesthanthebackgroundfield andcan
eventravel downward.An increasein porositydecreasesthe
wave velocity. When

��p
is larger than0.5, porositywaves

andmelt packetsalwayspropagatedownward with respect
to thefluid extractionvelocity. This suggeststhattheveloc-
ity of a melt packet candecreasewith time sinceits upward
motionwill be accompaniedby a porosityincreaseaccord-
ing to (77).

We canscaletheseresultswith parametersappropriateto
spreadingridges(

¦ &½�½Ù
km,

¦ � t �
km, 6J/ ��·��#�

kg
m
u98

,
\'&ì�

10
xD¹

Pa s). In this case,
l ¦ &���·��

would cor-
respondroughlyto a wavelengthof 1000m. Theextraction
velocities(68) would be 145,1211,and1816mm yr

u�x
for

porositiesof 0.02,0.20,and0.60,respectively.

Thefactthattheporositywavesalwayshavegrowingam-
plitudes is not relatedto a particularchoiceof the power
law coefficients � and � in (12) since ) �o��" is positive (or� j7= R � ��j � �

) for any choiceof � and � between
�

and�
. This indicatesthat surfacetensionalwaystendsto sepa-

ratethe two phases.The physicsis asfollows: Whentwo
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Figure 8. (a) Phaseand (b) group velocitiesof vertically
propagatingporositywaves. The velocitiesarenormalized
by the melt extraction velocity (68). Threeporositiesare
used0.02,0.20,and0.60. We assume

¦ �Z�^�
and

�»pA���
.

Small wave number(long wavelength)perturbationstravel
thefastest.

points in the mixture, ? and
�

, have different porosities,
they have differentaverageinterfacecurvaturesand there-
fore differentsurfacetensions.Sincethe differencein sur-
facetension

;  � � = R � ��"A@C�Ì� � = R � ��"CB¾� alwayshasthe op-
positesignto thedifferencein porosity

� @ �B� B
(giventhat� j[= R � ��j � �

), the differencein fluid pressure(relative to
the matrix pressure)

� - � � - & " @ �²� - � � - & " B alsohas
the oppositesign to

� @ �:� B
, which indicatesa fluid flow

towardregionsof higherporosity.

Equation(77) is independentof 6J/ ; surfacetensionin-
ducesa self-separationof the two phaseswithout any in-
fluenceof gravity. Figure 9 shows the normalizedgrowth
timeof thesurfacetensioninstabilities

� c ;�= p " R � ° � \ & " . The
surfacetensioninstability doesnot selecta preferredwave-
length. However, short-wavelengthinstabilities grow the
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fastestsinceovershortdistancesit is not energeticallydiffi-
cult to overcometheDarcy resistanceandto draw fluid from
thesurroundings.
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Figure 9. Normalizedgrowth time of surfacetensionin-
stabilities as a function of their normalizedwave number
for � � � � � R a in ) �o� p " , � p � �

,
¦ � � �

, and� p �)��F � a �Ê�*F a � and
��F ù � , asin Figure8. All wave numbers

areunstable,but shorter-wavelengthinstabilitiesgrow faster.
Becausethesurfaceenergy tendsto �HG whentheporosity
vanishes,instabilitiesgrow thefastestat smallporosity.

Thesurfacetensionbetweensolidsilicatesandtheirmelts;
is typically of order0.1–1.0Jm

u�j
[CooperandKohlstedt,

1982;Lasaga, 1998].A simplemodelcanhelpusto choose
a valuefor

=?p
. Let usconsidera cubeof mixtureof volumeI 8

crossedby J tubulesof fluid with thesameradius� . The
porosityof thismixtureis of order

� tKJML � j R�I j , while the
interfacedensityis

=b�h� a JNL � " ROI jZ�h� a ��" R � . Equation
(12) implies that

=í�Y=Vp¤� }
at low porosity, andtherefore

that the radiusof the tubules decreaseswith the porosity,� � a � � x�u }�� R =Vp . Thisbehavior is in quantitativeagreement
with experiments[von Bargen and Waff, 1986]. Assuming
a porosity

�
of a few percent(i.e.,

��F ��� � � � ��F �k·
) for

tubuleswith radius� of 1–100
\

m and � �{� R a impliesthat= p � a ¸C�[�.8 to 5
¸ �¤�QP

m
u�x

. During magmacompaction,
the surfacetensioneffectsmeasuredby

;�= p
shouldthere-

fore take valuesbetween200 J m
u�8

and500 kJ m
u�8

(the
lower valuehasbeenusedby Stevenson[1986]). Theseval-
uescorrespondto pressureheads

;�=Vp R N/ 0 of 7 mm and17
m. For

\'&�� �¤�kxD¹
Pa s the normalizationfactorof Fig-

ure 9,
� ° \'&(" R � c ;�=?pq"

, would be 210 Myr and 84 kyr for;�=VpW� a �#� J m
u�8

and
;�=VpW�¼·#�#�

kJ m
u�8

, respectively.
At low porosity, growth timesof a few tensof thousandsof
yearsthuscanbeobtained.

Thefactthatshort-wavelengthporositypacketstravel the
slowestwhile their growth rate is the largestsuggeststhat
surfacetensioncangenerategeologicalstructureslike dikes
orsills. Theability of surfacetensionto generateinstabilities
doesnot dependon thefluid viscosity. The fastestgrowing

instabilitiesof (77) occurwhen
l ¦ &

is large, i.e., eitherat
shortwavelengthor whentheDarcy flow is not thelimiting
factor. For � � � �b� R a this minimumgrowth time is�� � � ùc �o��p � ¨ " ´ ��p~��� �!��pq" \ &;�=Vp � (78)

which indicatesthat only the matrix viscosityis important;
highly viscousmeltsareasunstablewith respectto surface
tensionasarelessviscousmelts(within the approximation
that

\?� i \'&
). In fact, sincethe melt extractionvelocity

decreaseswith
\?�

, surfacetensionwill have more time to
act with highly viscousfluids thanwith lessviscousones.
(Thesurfacetensioninstability is alsoanintegral partof the
shearlocalizationinstability and is explored further in the
third paperof theseries[Bercovici et al., this issue(b)].)

The previous solutionsof planeunstablewaves are not
theonly solutionsto (70)-(74).If we take � ¸ (72)and(73),
wefind anothersolutioncorrespondingto flow somewhatre-
latedto theRayleigh-TaylorinstabilityandRayleigh-B́enard
convection. More precisely, a solenoidal(i.e., nondivergent
or incompressible)flow is excitedandsatisfies�?�9� 6J/ 04 ��¥� 12 � � � 12l j � "

� � � 8º �D� �W��pq"�j ¦ j& l�j��� � 8º ��� �!��pq" ¦ j& l j "��D� � 8º ��p ¦ j� l j "��w� (79)

� & �S69/ 04 ��Ñ�m12 � � � 12l j � "
� � � 8º ��jp ¦ j� l�j��� � 8º �D� �W��pq" ¦ j& l j "��D� � 8º ��p ¦ j� l j "��:� F (80)

The total velocitieshave bothsolenoidalcomponents,(79)-
(80), and compressiblepropagatingcomponents. The in-
ducedsolenoidalvelocitieshave zero vertical vorticity

12 �� � ¸S� & "¾�í12 � � � ¸S� � "¾�)� ; they arepurelypoloidal.

Thesolenoidalsolutions(79)and(80)arenonzeroonly if
thebuoyancy torque 6J/ 0 � ¸C12 is nonzero(i.e, when � has
a horizontalcomponent).Thusunlike porositywaves that
aredriven by perturbationswith vertical wave vectors,this
poloidal/solenoidalmotion is sensitive to horizontalpertur-
bationsof density, just asin ordinaryRayleigh-B́enardcon-
vectionor the Rayleigh-Taylor instability. Horizontalvari-
ationsof porosity, andthusof density, inducevertical mo-
tions. Regionsof low densityrise,but the two phaseshave
differentupwardvelocities.

Theverticalcomponentsof thesolenoidalvelocitiesnor-
malizedby themelt extractionvelocity (68) aredepictedin
Figure10. At largewave number, only thefluid movesand
thefluid velocitiesarecomparableto �� R ��p timestheextrac-
tion velocity (see(79) when

lWÍ G ). At very small wave
numberthe Darcy term forcesthe velocitiesof the matrix
andthefluid to becomeequal.
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Figure 10. Matrix (solid lines)andfluid (dashedlines)ver-
tical velocitiesof thesolenoidalmotions.Thevelocitiesare
normalizedby

��p~�����b��pq" �� 6J/ R 4 , i.e., the productof the
melt extractionvelocitiesby the amplitudeof the porosity
perturbation.We assume

¦ �S�I�
and � � 12 �I�

and ��W�ì�
.

At shortwavelength(largewavenumber)only thefluid is in
motion. At long wavelength(shortwave number),fluid and
matrixvelocitiesbecomeequal.

3.3. Nonlinear Solutions of the Compaction Problem

Although the simple marginal stability analysisalready
shows the complexity of two-phaseflows, it is clear that a
naturalprocesswill be affectedby all the nonlinearitiesof
the equations.Whenall the complexities of the equations
are taken into account,the porositypackets �� will interact
with thebackgroundflow.

We again examine the compactionproblem but in the
nonlinearregime. We restrict the equationsto onedimen-
sion,althoughwe areawarethat their solutionsmaybeun-
stablein threedimensions[ScottandStevenson, 1986;Bar-
cilon andLovera, 1989]. Themixture is confinedto a layer
of thickness� p , which containsa matrix with initial volume
fraction

�n�:� p
anda lighter fluid phasewith volumefrac-

tion
� p

. On the top andbottomof the layer the matrix and
fluid velocitiesarezero.Theequationsto solvearethemass
conservationequation(18), the porosityevolution equation
(2), the action-reactionequation(8) assuming

3 � �G�
, and

thepressurejump condition(17).

Assumingpurely vertical flow, using (18) (with the im-
permeableboundaryconditions)to write 69� Û � � & � R � , and
normalizing

¡
by � p and � & � by

� c / & 0 � jp " R � ° \ & " , weobtain�WV ¨ ��� �!��" ���¡w© ������$�!��" ����� �!��" � & ���¡ ª
� ���¡w© ��� �!��" � � & ���¡�ªYX��Z ) �E��"�����$�!��" �����¡ �\[Ú� & �� �!�V�D�$�!��"�6J// & �����

(81)

where ZA� ;�= p/ &+0 � p (82)

[¢� � jp¦ j& F (83)

Porosityevolution is still controlledby (2) which retainsits
form evenwith thenormalizationsof

¡
and

�
.

Equation(81) is solvednumericallyby afinite difference
methodwith a tridiagonalsolver. The porosity is thenad-
vancedby a time adaptive explicit method. We consider
cases(1) with surfacetensionbut no buoyancy forces,(2)
withoutsurfacetensionbut with buoyancy, and(3) with both
surfacetensionandbuoyancy. In all cases,we assumefor
simplicity that � � � �{� R a in thesurfacetensionexpression
(12) andthat

¨ � c Rq°
(i.e.,

��pJ���
). Clearly, thebehavior

of the varioussolutionsdependson the relative importance
of theDarcy term � & � R � andtheviscoustermproportional
to

[
.

3.3.1. Surface tension without gravity. This type of
solutionwill be alsodiscussedby Bercovici et al. [this is-
sue(b)] in connectionwith damagetheory. However, it is
alsonecessaryto show herethe essentialeffectsof surface
tension.

Fromthestabilityanalysisweknow thatthewavelengths
shorterthan the compactionlength are the most unstable.
WhentheDarcy termis not thelimiting factor,

¦ &²� �HG or[ �P� �
, only shortwavelengthsareeffectively present,and

all areequallyunstable.Figure11showstheevolutionof the
solutioninitiatedwith asinglelong-wavelengthperturbation�!�I�*F ��· � �*F �#��� ¿DÀÄÁ � L ¡ R � p¤" . We use201finite difference
grid pointswhich aresufficient for stableconvergence.The
ratheruniform initial porosityevolvesinto a singlenarrow
sill of purefluid.

Theprevioussolution,obtainedby neglectingthe Darcy
term underthe assumptionthat

[ �P� �
, cannothold very

long. As the porosity decreaseson the sidesof the high-
porosity instability, the importanceof the Darcy term in-
creases,and in the end, it dominatesthe dynamics. In the
extremecasewhere

[@õPõ��
, the porosityconservation(2)

and(81)canberecastas������ �^��Z ���¡:© ) �o��" �����¡�ª F (84)

The porosity obeys a diffusion equationwith a variable
andnegative diffusivity

Q �½��Z ) �o��" [seealsoStevenson,
1986]. With our equationsthis processoccursat all porosi-
tiesandindicatesthat surfacetensionactsto unmix or sep-
aratethe two phaseswhatever their respective proportions.
The situationmay be differentwith silicate melts wherea
contribution to the surfaceenergy comesfrom grain-grain
interfaces[Riley et al., 1990].

A negativediffusivity correspondsto averyunstablepro-
cess,causingjust thereverseevolution of normaldiffusion.
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Figure 11. Porosityasa functionof depthat differenttimes
for

Z!� �
,
[²���

, and 69/ R / & �h�
. The initial porosity

hasanaveragevalueof 0.05andhasa sinusoidalperturba-
tion of wavelength� p andamplitude0.001with its maximum
at � p R a . The surfacetensiongeneratesthe instability. The
Darcy term hasbeenneglected.A singleinstability is pro-
duced.

In thisregard,theonly thingonelearnsfrom numericalsolu-
tionsto (84) is thatany initial conditionresultsin a random
distributionof layerswhere

�
equalseither1 or 0.

It is thereforemoreinterestingto studyintermediateso-
lutionswherebothviscousandDarcy termsarekept.Figure
12 shows theevolution of thesolutioninitiatedby thesame
long-wavelengthperturbationasin Figure11but with

[¢� °
.

The fluid now drainsinto a numberof small sills primarily
becausethe Darcy resistanceprohibitsthe fluid from being
drawn acrosslargedistances;lessenergy is thereforeusedin
generatingmultiple instabilitiesthanin generatingonelarge
one (which would pull fluid acrossthe entiredepthof the
layer).

3.3.2. Gravitational settling without surface tension.
As in section3.3.1,we candefinetwo extremeregimesac-
cordingto whetherthe gravity term is balancedby the vis-
coustermor theDarcy term.

In the casewherethe matrix viscousterm is dominant,[ �P� �
, the fluid caneasilybe extractedfrom a largedis-

tance.This is confirmedby thesimulationdepictedin Fig-
ure 13. In the oppositecasewherethe Darcy term is dom-
inant

[OõPõ �
, the matrix velocity is given by

�+��j#�D�����"7� 6J/ R / &P"[12 analogousto (67). Porosityconservation be-
comes �������� a 6J// & ���D�$�W��"7���$� a ��" �����¡ ����� (85)

which is a nonlinearpropagationequationfor a porosity
wave of phasevelocity a � 6J/ R / &("D���D�P�:��"��D�P� a ��" . This
phasevelocity is in agreementwith (76). Porositywaves
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Figure 12. Porosityasa functionof depthat differenttimes
for ^\_a` , b�_dc , and e7fhgif"jk_ml . The parametersare
similar to thoseof Figure11, but the Darcy term hasbeen
kept. Becauseof the presenceof a Darcy resistancewhich
prohibitsthefluid from beingdrawn acrosslargedistances,
thenumberof instabilitiesincreaseswhencomparedto Fig-
ure11.
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Figure 13. Porosityasa functionof depthat differenttimes
for ^o_pl , bq_pl and e7f$g�f0jr_s` . Themixture is gravita-
tionally unstable,andthereis nosurfacetension.Thematrix
viscoustermis dominantin thedynamics.

propagateupwardor downwarddependingon whether t is
greaterthanor lessthan `igOu (althoughthefluid alwaysflows
upward). The nonlinearityof the phasevelocity makesthe
extraction of the fluid difficult. In the rear of a porosity
packet ( twvx`�gOu and yztzg�y9{}|~l ) the porositydecreases,yztzg�y��\v�l , and this draining of the matrix hampersthe
propagationof thenext risingporositypacket.

In the absenceof a viscousterm the direct relation be-
tweenvelocityandporosityforbidstheimpositionof bound-
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ary conditionson � j�� . Therefore,in Figure14 we depict
an intermediatecasewhereboth viscousand Darcy terms
are kept. The fluid migratestoward the surfacebut much
moreslowly thanin Figure13. As thefluid cannotbedrawn
from a distancemuchlargerthanthecompactionlength,the
porositydecreasesmoreor lessuniformly below a shallow
layerveryrich in fluid. Porositypacketscalledmagmonsare
alsogeneratedat depthandtravel in themixture [Scottand
Stevenson, 1986; Barcilon and Lovera, 1989; Spiegelman,
1993b].
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Figure 14. Porosityasa functionof depthat differenttimes
for ^�_�l , bq_�`'l , and e7f$g�f0jp_�` . The initial porosityis
constant.Themixtureis gravitationallyunstableandwithout
surfacetension.Becauseof thepresenceof theDarcy term,
porositypacketsaregenerated.

3.3.3. General case. As seenwith (81),surfacetension
forcesbalancegravity (assumingt�vHv�` ) when��� _��9� `�� �$�tz���z� �z� �e7fQ��� (86)

i.e.,eitheroveraveryshortdistance(in whichcasethebuoy-
ant stresse7fQ� � � is small) or whenthe porosityis very low
(in which casethe averageinterfacecurvature � � gO�0t , and
thusthe surfacetensionforce, is large). For modelingin a
ridgecontext wecantake � �z� � � g � e7f.� � between40mmand
100 m for �z� � _�uQlQl J m �9� and �z� � _~�QlQl kJ m ��� , re-
spectively. ( e7f�_p�OlQl kg m �9� , f"jp_��Ql.lQl kg m ��� ). This
implies that surfacetensiononly actson a scaleof a few
hundredmetersatmost.

To show thatsurfacetensioncanbean importantsource
of instabilities,we perform the computationfor a layer of
thickness50 m anda compactionlength � j _w Ql.lQl m. We
start with a porosity t�_¡t �"¢ `£�Klh¤��¦¥ §.¨ � u�©ª{$g � � �¬« , wheret � _lh¤ lh` . Assumingthat the marginal stability analysis
remainsvalid, the porosity waves shouldslowly drift up-
ward ( ®°¯ ±M_slh¤³²"` mm yr �ª� accordingto (76)), the matrix
shouldcompact( �Oj � _r�´lh¤³²ic mm yr �z� accordingto (67))

and the fluid shouldflow upward ( �Qµ � _²ic mm yr �z� ac-
cordingto (66)). Becauseof surfacetensionthe wave am-
plitudesshouldincreasewith time, andthe porosityshould
reachzeroafter a time of order `igQ¶ (see(78)). After this
time thecontinuityof theflow is interrupted,andsills form.
If wetake � �z� � � g � e7f.� � between40mmand100m, growth
times shorterthan24 Myr and longer than 24 kyr are ob-
tained(see(78)). In thenext simulationswe use �z� � _ 50
kJ m �9� , which lies in the rangeof valuesestimatedin sec-
tion 3.2. This shouldleadto a local drainingof the matrix
after · 200kyr.

In Figure15 the time evolvesfrom left to right and the
porosity(horizontalaxis) is plottedasa function of height.
From Figure 15a to Figure 15b, the porosity wave moves
slowly upward. Thenonlinearityof theequationsgenerates
harmonicsthat startpropagatingat differentvelocities. At�H_suQuQl kyr (betweenFigures15band15c) the fluid is to-
tally squeezedout from thematrix nearthebottom,andthe
continuityof theflow is interrupted.Thena sill developsby
a progressivedrainingof thematrix mostlyfrom thebottom
of thesill (Figures15d to 15k). Thetop of thesill alsomi-
gratesslightly downward. At large time, (Figure15k) the
completeunmixing of the two phasesleavesa fluid sill of
thickness1 m.

The time neededto squeezeout the fluid variesqualita-
tively aspredictedby (78), i.e.,proportionallyto ¸ªj¹g � �z� � � .With the conservative valuesthat we have chosen,this is
alreadyshort comparedto most plate tectonicsprocesses.
However, � � couldbefurtherincreasedby a factor10 while
the matrix viscositycould be decreasedby many ordersof
magnitude(Ahern and Turcotte [1979] and Turcotte and
PhippsMorgan [1992] consideŗ j _`'l �(º �w`3l ��» Pa s).
Therefore,drainingtimesassmallasafew 10yearsarepos-
sible.

As seenin section3.2,surfacetensiontendsto selectthe
smallestwavelengths.Porosityevolution in a layerof thick-
ness

��� _¼� j�_¼ Ql.lQl m is depictedin Figure16. Thefinite
differencecodein this simulationuses2000points,andthe
initial porosity is a periodicrandomfunction with an aver-
agevalue t � _l½¤ l½` andan amplitudespectrumdecreas-
ing as `igQ¾ , where ¾ is the wave number. Except for

� �
,

the otherparametersaresimilar to thoseof Figure15, and
periodic boundaryconditionsare also applied. From Fig-
ures16a-16kwe seethe upward migration of the various
porositypeaks.Thesepeaksdeformasthey containdiffer-
ent harmonicsmoving at differentphasevelocitiesandbe-
causetheir amplitudesincrease.Around ��_¿`'l.l kyrs (Fig-
ure16f), thecontinuityof theflow is interruptedandvarious
sills start to form. Although long-wavelengthcomponents
arepresentin theinitial porosityprofile, they do not impose
theperiodicityof thefinal distribution of sills (Figure16k).
Theselectedwavelengthsresultfrom acompromisebetween
theharmoniccontentof theinitial porosityandagrowth rate
thatfavorsshortwavelengths.
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Figure 15. Time evolution (from (a) 0 years,(b) 120 kyr,
(c) 250 kyr, (d) 420 kyr, (e) 620 kyr, (f) 850 kyr, (g) 1.1
Myr, (h) 1.4 Myr, (i) 1.8 Myr, (j) 2.2 Myr, to (k) 16 Myr)
of porosityasa function of depth( Â � _m` , e7fÃ_~�Ol.l kg
m �9� , ��� _Ä�Ol m, � jm_Å QlQl.l m, ¸ªjd_k`'l �(» Pa s, f"jm_�.lQl.l kg m �9� , �z� � _ 50kJm �9� ). For clarity,eachprofileas
beenÆ hiftedby0.1porosityunit with respectto theprevious
profile. The initial porosity is a sinusoidalfunction with a
maximumat {"g � � _�lh¤�� . Theporositywave travelsupward
until thesurfacetensiondriesthematrixat onepoint (at �Ç_`'c.l kyr, i.e., betweenFigures15band15c). Theevolution
ultimatelygeneratesasill of purefluid (Figure15k).

4. Conclusions

In this paperwe have investigatedfundamentalproblems
of compactionusinga new two-phasetheorythat is materi-
ally invariant,includesinterfacial surfaceenergy (e.g.,sur-
facetension),andaccountsfor differencesin the pressures
of thetwo phasesinsteadof employing a bulk viscosity. Al-
thoughthebulk viscosityapproach(M84) employedin vari-
ousprior studiesis analogousto compressiblefluid mechan-
ics formulations,it is meantto modelcompactionnot com-
pressibility; nevertheless,it prescibescompactibilityof the
matrix throughan extra rheologicalproperty, i.e., the bulk
viscosity È . In BRS,no bulk viscosityis employedandthe
rheologicallaws remainsimple, yet fluid andmatrix pres-
suresareassumedunequalassoonas thereis somephase
separation.Thisinterpretationis verysimilarto thatgivenby
ScottandStevenson[1986] in theirAppendixB (althoughin
themainbodyof thepaperthey useaconstantbulk viscosity
asis alsoassumedin muchof M84).

Whenthe porosityis variable,thereis no obvious trans-
formationin which a bulk viscosityasper M84 canbe in-
ferredfrom BRS.However, in simplecasesof constantand
uniform porosity the M84 bulk viscosityapproachand the
BRS pressuredifferenceeffect canbe relatedassumingthe
bulk viscosity Èq·~¸ j gOt (seesection2.4.1andAppendix

0À .03À
Porosity φ

0

0.2

0.4

0.6

0.8

1

N
or

m
al

iz
ed

 H
ei

gh
t z

/l 0

a b c d e f
É

g h
Ê

i j
Á

k

Figure 16. SameasFigure15but for amorecomplex initial
porosityover a largerheight( Â � _~` , e£fM_��QlQl kg m ��� ,��� _p� j�_� .lQlQl m, ¸ªjr_s`'l �(» Pa s, f0j¿_��.lQlQl kg m ��� ,
�z� � _ 50 kJ m �9� ). Although long-wavelengthharmonics
arepresentin thestartingporosity, thesurfacetensionprefer-
entially selectsshortwavelengths.Theprofilesaredepicted
at times(a) 0,(b) 15, (c) 29, (d) 47, (e) 70, (f) 100,(g) 140,
(h) 240,(i) 400,(j) 600and(k) 900kyr.

A).

We believe thatour interpretationpossiblyhassomead-
vantageswith respectto previousformulations:

1. BRS is materially invariant,that is the equationsare
perfectlysymmetricor invariantto permutationsof thesub-
scripts Ë and Ì (andimplicitly t and `H�Ít ) asshouldbe
expected.Useof M84’sbulk viscosityapproachwhile main-
tainingmaterialinvariancewould requirethat thefluid also
have a bulk viscosity, in which casethe mixture of incom-
pressiblefluids would lead to a compressibleone (BRS1).
However, M84 is explicitly for a systemthat is not materi-
ally invariant(i.e., thefluid is alwaysmuchlessviscousthan
thematrix).

2. With our equationsthe macroscopicrheologyof the
mixturebecomesthatof theend-membersinglephaseswhent�_Íl or t�_�` . This is not thecasewith theoriesusingbulk
viscosity, unlessmassconservation equationsare also in-
voked; this difficulty promptedvariousauthorsto invoke an
empirical È � t � relationshipsuchthat È¹ÎaÏHÐ when t�Î¡l
(andalsowhen tÍÎÑ` ) [e.g.,McKenzie, 1984;Schmeling,
2000]. Whena constantbulk viscosityis usedin M84, we
haveshown in section2.4(radialcompaction)thattheporos-
ity candecreasebelow zero. The porosity remainsstrictly
between0 and1 with BRS.

3. BRS usesthe actualmatrix and fluid shearviscosi-
tiesbut not the lessconstrainedparameterÈ . Although È is
generallytakento beequalto ¸ j [e.g.,Spiegelman, 1993c]
we haveseenin section2.3 thatthechoiceof È smallerthan
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pectedresultthat thematrix cancompactunderextensional
stresses.In contrast,theparameterÂ �

whichcontrolsdefor-
mationunderisotropicstressesin BRS(asdoesÈ whenus-
ing M84; seesection2.4.1)canbecomputedfrom thetopol-
ogy of the interfaces(seeBRS1). That Â �

is expectedto
becloseto unity precludesmatrix compactionunderexten-
sionalstressesin theBRStheory.

We have purposelyusedsimple modelsto discussthe
macroscopicequivalentpropertiesof a two-phasemixture.
Variousthoughtexperimentshaveshown thatanunconfined
mixture is weaker undernormalstressthanit is undershear
stressandthatapartiallyconfinedmixturecanbehavelikea
dashpotwith stresshardeningproperties.The resultshave
beenestablishedon clear physical grounds,and in some
casesthey aredifferentfrom thosepreviously obtained. In
particular, it is moredifficult to extract thefluid phasewith
BRS thanwith M84 (with constantbulk viscosity). In sec-
tion 2.3 we have seenthat at vanishingporosity the fluid
phaseis trappedin thematrix with BRSbut canstill escape
with M84 (again,with constantbulk viscosity).

Thepresenceof surfacetensionhasonly beendiscussed
in the framework of compaction. It only actson relatively
shortdistances,andthereforeit hasbeengenerallyneglected
in large-scalemodeling.However, with all thenonlinearities
of theequationsthecreationof a small-scaleinstability can
impedethefurtherpropagationof thefluid phaseby drawing
in thesurroundingfluid yieldingapreponderanceof station-
ary sills ratherthanpropagatingmagmons(magmasolitary
waves). Indeed,the resultingdistribution of sills is remi-
niscentof the observationsof ubiquitoussills anddikes in
ophiolitemassifs[Nicolasetal., 1994;CannatandLécuyer,
1991]. Therearelargeuncertaintiesin the time constantof
thisphenomenonbut it is likely to beshortcomparedto geo-
logic time. In its presentform, our modelof surfacetension
cannottake into accountthesurfaceenergy associatedwith
solid-solidcontacts.This canmodify thephysicsof thesys-
temat very low porosity, but assoonasthesolid grainsare
wettedby thefluid, ourmodelshouldapply.

Directapplicationsto geophysics,from oil to meltextrac-
tion andfrom core-mantleto outercore-innercoresegrega-
tion arenumerous,althoughbeyondthescopeof this paper.
Theimportanceof thesephenomenamakeanunderstanding
of the basicphysicsof the equationsa prerequisiteto per-
formingcomplex simulations.

Appendix A: A Comparison
Between M84 and BRS

McKenzie[1984] (M84) proposedthefollowing fluid and
matrix forceequations:�Òt ¢ ÓÃÔ ÏÕf$µO�zÖ× «Ï�Ø e7Ù,Ï ÓdÚQ¢ tÜÛ Ýµ « _�l � (A1)

� � `��Õt � ¢³ÓqÔ Ï\f j �ªÖ× «�´Ø e7Ù/Ï ÓdÚ.¢ � `��Õt � Û Ýj « _Klh¤ (A2)

Theseequationsdiffer from thoseof BRS(seeequations(3)
and(4)) by theabsenceof surfacetension( � _rl ) andand
the assumptionof a singlepressurefield,

Ô jd_ Ô µ _ Ô
,

or e Ô _¼l . Equations(A1) and(A2) areaugmentedby the
rheologicalrelations t½Û Ýµ7Þ l � (A3)

Û Ýj _K¸ Ýj�ß Ó ÙªjàÏ ¢ Ó Ùªj «�á¬âÏ � È
� u� ¸ãÝj � ÓdÚ Ùªj�ä ¤ (A4)

The fluid phaseis assumedinviscid relative to the matrix,
andtheviscositieş Ýj and È areeffectiveviscosities.

When t is variable,M84 andBRSyield two differentsets
of equations;in particular, thefluid momentumequation(3)
in BRS(againwith ¸åµ negligible) yields�Òt ¢ ÓqÔ µ Ï\f µ �ªÖ× « ÏæØ e7Ù

_�Â � ¸ j� `´�çt �Nè
é té � Ó tå¤ (A5)

TheusualmodifiedDarcy’s law from M84 ((A1) with (A3))
is thus not recoveredby BRS unlessthe porosity is con-
stantin spaceand/ortime; (A5) expressesthefact thatfluid
pressuregradientsmustbalanceforcesassociatedwith com-
pactionof a nonuniformmatrix, aswell asresistanceto in-
terstitial(Darcy) fluid flow.

In thespecialcasewheret is constantanduniform,there
is a simplecorrespondencebetweenM84 andBRS. Using
the pressurejump condition (17), equations(3) and (4) of
BRSbecome(with ¸åµ negligible)�Òt ¢ ÓÃÔ µ Ï\f µ �ªÖ× « ÏæØ e7Ùq_Íl � (A6)

� � `��çt � ¢�ÓÃÔ µ Ï\f0jÒ�zÖ× « �çØ e7ÙÏ ÓÄÚ0¢ � `��çt �#� Û j Ï Â �t ¸ j ÓdÚ Ù j ä �« _Ílh¤ (A7)

Theseequationsareidenticalto (A1) and(A2) with (A3) and
(A4) when

Ô _ Ô µ , ¸ Ýj _w¸ j , and Èo_wÂ � ¸ j gQt , andwe
use(9) for Û j . However, evenwhena formal identification
betweenM84 andBRScanbedone,thephysicalapproaches
remainsignificantlydifferent.
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